It has been argued that using the Weyl tensor, C µνλρ , a dimensionless integral can be constructed on a spacelike hypersurface in 5 dimensional spacetime, C µνλρ C µνλρ dV4. Using the Penrose Weyl curvature hypothesis as guide, C µνλρ C µνλρ was interpreted as an entropy density and for the Schwarzschild metric in 5 dimensional spacetime, the integral reduces to the usual Bekeinstein-Hawking entropy of a black hole. However, we show that for Gauss-Bonnet gravity, the integral above does not reduce to the expected entropy of a black hole.
Introduction

Entropy and the Generalized Second Law
The second law of thermodynamics states that in an isolated system the entropy, S, never decreases:
Originally, entropy was considered as a new extensive thermodynamic property obeying Eq. (1), but later Ludwig Boltzmann showed that entropy could be understood as the logarithm of the number of different microstates compatible with a given macrostate,
where W is the number of microstates compatible with a given macrostate. ( We have set the Boltzmann constant to 1 (k B = 1)). Boltzmann's approach informs our modern understanding of entropy and of the second law, as fundamentally probabilistic.
In order for the second law of thermodynamics to be valid in the presence of black holes, Jacob Bekenstein proposed that black holes must possess nonzero entropy [1] . Stephen Hawking later confirmed Bekenstein's idea and proved that black holes must have a temperature and radiate as black bodies [2] . The Bekenstein-Hawking entropy of black holes in general relativity is
The generalized entropy [3] S gen = S BH + S out ,
where S out is the entropy outside the black hole can be considered as the total entropy of a system when both black holes and matter are present. There is mounting evidence to suggest that classically and semi-classically, S gen is never decreasing [4, 5] . This is known as the generalized second law (GSL) and supercedes the usual second law of thermodynamics. Although many expect that fundamentally, the origin of S gen and GSL is statistical in nature, as with the usual notion of entropy, perhaps its origin lies elsewhere and our notion of what entropy is may need to be modified. Any insights we can gain about the entropy of black holes and spacetime may provide hints towards the nature of quantum gravity.
Weyl curvature conjecture
The universe today appears to have evolved from a very homogeneous initial state to a non-equilibrium state which includes complex structures like stars and galaxies. The small perturbations of the initially homogeneous initial state grew as a result of gravity and caused structures to form. So it seems that dynamics involving gravity may lead to a violation of the second law of thermodynamics [6, 7] .
Penrose conjectured that gravitational effects should contribute to the entropy content of a system. More specifically, Penrose proposed (Weyl curvature conjecture) that some function of the Weyl tensor should be constructed to assign an entropy to the spacetime geometry [8] so that the total entropy is never decreasing. If such an entropy can be constructed, it may lead to a generalization of S gen for more general spacetime geometries.
The Weyl tensor C µνλρ is the trace-free part of the Riemann tensor. In an n dimensional spacetime, the Rie-mann tensor can be decomposed into its trace-free and trace part:
where R µνλρ is the Riemannn tensor, R µν is the Ricci tensor, R is the Ricci scalar and g µν is the metric. The Einstein equation relates the curvature of spacetime to the matter content of spacetime, or more precisely
where G is the gravitational constant and we have set the speed of light c = 1. This equation only involves the Ricci tensor, Ricci scalar and the energy momentum tensor. Locally, the Weyl tensor is independent of the energy momentum tensor and may encode the thermodynamic properties of gravitational waves [9, 7, 8] . Furthermore, the Weyl tensor also vanishes if and only if the spacetime is conformally flat. Hence initially, when the universe was homogenous, the Weyl tensor vanished and grew afterwards. From these key properties of the Weyl tensor, we take the Weyl curvature conjecture to mean that there is some scalar invariant of the Weyl tensor which encodes the entropy of the spacetime geometry such that the total entropy of the spacetime and matter never decrease. Various proposals have been suggested in an attempt to formulate the Weyl curvature hypothesis in a rigorous way. For example, the simplest choice of a scalar constructed from the Weyl tensor is given by
In 4 dimensional spacetime, this can not be interpreted as the entropy density of spacetime since its dimension is not consistent with an entropy density. But in 5 dimensions it is consistent with an entropy density. And it was shown [9] that on a Schwarzschild metric in 5 dimensional spacetime,
Hence in 5 dimensions this integral is dimensionless and up to a multiplicative constant it agrees with the Bekenstein-Hawking entropy (Eq. (3)) and so P 2 was interpreted as the entropy density of gravity. Any proposal for the entropy of spacetime using the Weyl curvature conjecture must be able to recover the entropy of a black hole. In this paper, we check if the integral above also gives the correct form for the black hole entropy in Gauss-Bonnet gravity.
Gauss-Bonnet gravity
Lovelock theories of gravity are a class of generalizations of General relativity in n dimensional spacetime which gives conserved second order equations of motion [10] . In 4 dimensions, the Einstein equations (Eq. (6)) with a cosmological constant are the unique class of Lovelock theories.
In 5 dimension the Gauss-Bonnet gravity is the most general Lovelock theory. Setting c = = k b = 1, the action for Gauss-Bonnet gravity is given by [11, 12] 1 16πG
where α is an arbitrary constant. The (R 2 − 4R µν R µν + R µνλρ R µνλρ ) term in 4 dimensions is a topological term which can be removed from the action without affecting the equation of motion. But in 5 dimensions, this term in general can not be removed. These higher curvature terms may arise from quantum gravity corrections so we will assume α l 2 p < 1. We work with the following family of static vacuum (black hole) solutions for 5 dimensional Gauss-Bonnet gravity [11, 12] 
where d 2 Ω is the metric on the S 3 sphere and F 2 (r) =
with Σ k being the volume of the 3-sphere. M parametrizes the family of solutions and is also the mass of the black hole in this spacetime.
To first order in α,
8r 6 with f 2 (r) = 1 − M1 4r 2 and the Weyl invariant to first order in α is
where M 1 = 64πGM 3Σ k and R 5 is defined such that F 2 (R 5 ) = 0. Note that R 5 = R 5,GR + O(α) and we assume that we are dealing with a large black hole so that R 2 5 >> α. If we write r = R 5,GR + αx, then
By setting Eq. (12) to 0 and solving for x, we find that to first order in α,
where we used M 1 = 4R 2 5,GR + O(α).
Black hole entropy in Gauss-Bonnet Gravity
When the Einstein Hilbert action is modified, the expression for the black hole entropy also needs to be modified. For a stationary black hole's entropy in 5 dimensional Gauss-Bonnet gravity, this is given by [12, 13] 
where A = R 3 5 Σ k is the surface area of the horizon. The expression for black hole entropy changes because the behavior of the black hole horizon changes when the Einstein equation is modified. This can be seen by considering the first law of black hole mechanics [12] or via Wald's Noether charge method [14] .
In this paper, we will integrate Eq. (11b) ( C µνλρ C µνλρ dV 4 ) on a spacelike hypersurface in analogy to Eq. (8) to check if we recover the entropy of a black hole in Gauss-Bonnet Gravity given by Eq. (14).
Evaluation of C µνλρ C µνλρ dV 4
Evaluating C µνλρ C µνλρ dV 4 using the expression in Eq. (11b), we find to first order in α that
where we made the following approximation
This approximation breaks down near r = R 5 . We find that our conclusions are unaffected by this breakdown although we discuss below how to treat the integral near this point. Classical theory of general relativity and generalizations like Gauss-Bonnet are invalid at extremely small radii where we expect a quantum theory of gravity to have large effects. In particular, these theories are invalid at the spacetime singularity (r = 0) so we bound the integral below by Planck's constant l p .
The integral to zeroth order in α up to highest order in R5 lp is given by Eq. (8) . By a change of variables ( R5,GR r = o) for the integral of order α, and using M 1 = 4R 2 5GR + O(α) the above integral becomes 
is divergent near 1 (the black hole event horizon). This is the point where the approximation we used in Eq. (16) breaks down. One could evaluate the integral above from 0 to R5 lp by splitting the integral into 4 pieces rather than 2 pieces as we did in Eq. (17), the 4 pieces being integrated from (0 to 1 − ǫ), (1 − ǫ to 1+ǫ) and (1+ǫ to R5 lp ) for some small positive parameter ǫ := ǫ(α/R 2 p ). The approximation in Eq. (16) which breaks down for the piece (1 − ǫ to 1 + ǫ) can then be replaced for a better approximation. We do not evaluate the integral for all these pieces since we find that the integral in Eq. (17) approximately to highest order in R5 lp is α R 5 lp 12(−56o 7 + 53o 9 )
where k is some constant and this is unaffected by the break down of Eq. (16). The order of this term is too high to be compatible with Eq. (14) and so we find that the integral does not reduce to the expected expression for black hole entropy in Gauss-Bonnet gravity.
Discussion
The second law of thermodynamics is one of the most fundamental laws of physics which states that in a closed system, entropy is never decreasing. To recover this law semiclassically when a system includes a black hole, one has to assign an entropy to the black hole S BH . However, the origin of black hole entropy is still a mystery. To shed some light on this, the Weyl curvature conjecture by Penrose asserts that some combination of the Weyl tensor gives a measure of the entropy of the spacetime geometry. Any proposal for the entropy of spacetime using this hypothesis must produce the correct entropy for black holes. In 5 dimensions, it has been shown that the simplest scalar constructed from the Weyl tensor can be interpreted as an entropy density by dimensional analysis, and by integrating this expression on a Schwarzschild metric, one recovers the entropy of a black hole [9] . This scalar may be a candidate for the entropy density of spacetime, at least in 5 dimensions.
When we replicated this analysis for Gauss-Bonnet gravity, a generalization of general relativity, the scalar when integrated failed to recover the black hole entropy at order O(α). However, in Gauss-Bonnet gravity, the Weyl tensor couples to the energy momentum tensor and so is not necessarily locally independent of the matter content in spacetime. This means that the Weyl tensor may need to be replaced in alternative theories of gravity with some other tensor constructed from the Riemann tensor which is locally independent of the matter content. It may seem reasonable to hypothesize that any such modified conjecture must reduce to R µνλρ R µνλρ dV 4 in vacuum, analogous to the case in general relativity since R µνλρ only encodes information about the gravitational degrees of freedom in this case. However, in Gauss-Bonnet gravity, R µνλρ R µνλρ dV 4 = C µνλρ C µνλρ dV 4 up to first order in α and so our results would not change.
On the other hand, the parameter α was regarded as small ( α l 2 p < 1) indicating that at order O(α), the full theory of quantum gravity may be needed to obtain the correct expression.
